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Abstract—Suppose that m(ξ) is a trigonometric polynomial with period 1
satisfying m(0) = 1 and |m(ξ)|2 + |m(ξ + 12 )|2 = 1 for all ξ in R. Let ϕˆ(ξ) =∏∞
j=1m(2−j ξ), ϕ(x) =
∫+∞
−∞ ϕˆ(ξ)e2piixξ dξ . In 1989, Cohen [3] proved that if
m(ξ) has no zeros in [− 16 , 16 ], then ϕ(x) is an orthogonal function, i.e.,
∫ +∞
−∞ ϕ(x−
m)ϕ¯(x − n)dx = δm,n. In this paper, we prove a generalization: if m(ξ) has no
zeros in [− 110 , 110 ] and |m( 16 )| +m(− 16 )|> 0, then ϕ(x) is an orthogonal function.
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1. INTRODUCTION
The inner product 〈 ,〉 in L2(R) is given by
〈f,g〉 =
∫ +∞
−∞
f (x)g¯(x) dx, ∀f,g ∈ L2(R).
The Fourier transform of f in L2(R) is defined as
fˆ (ξ)=
∫ +∞
−∞
f (x)e−2piixξ dx;
then
f (x)=
∫ +∞
−∞
fˆ (ξ)e2piixξ dξ.
We say that f in L2(R) is an orthogonal function if
〈f (· −m),f (· − n)〉 = δm,n =
{
1, if m= n
0, if m 6= n, ∀m,n ∈ Z.
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Suppose that m(ξ) is a trigonometric polynomial with period 1 satisfying
m(0)= 1, |m(ξ)|2 + ∣∣m(ξ + 12)∣∣2 = 1, ∀ξ ∈R. (1)
Let
ϕˆ(ξ)=
∞∏
j=1
m
(
2−j ξ
) (2)
and
ϕ(x)=
∫ +∞
−∞
ϕˆ(ξ)e2piixξ dξ. (3)
The above function ϕ is a so-called scaling function. We consider the orthogonality of ϕ.
In 1989, Cohen [3] proved the following proposition.
PROPOSITION 1.1. If a trigonometric polynomial m(ξ) with period 1 satisfies (1) and
has no zeros in [− 16 , 16 ], then ϕ(x) defined by (3) is an orthogonal function.
It is known that if m( 16 ) = 0 = m(− 16 ), then ϕ cannot be an orthogonal function. We
show that if |m( 16 )| + |m(− 16)|> 0, then the interval [− 16 , 16 ] in Cohen’s proposition can
be replaced by a smaller interval. More precisely,
THEOREM 1.1. Suppose that a trigonometric polynomial m(ξ) with period 1 satisfies
(1) and has no zeros in [− 110 , 110 ]. If |m( 16 )| + |m(− 16 )|> 0, then ϕ(x) defined by (3) is an
orthogonal function.
This result is obtained by looking at invariant cycles of the doubling operator: the values
± 16 in Cohen’s result correspond to period 2. The ± 110 in our result correspond to a cycle
of period 4. The proof of our theorem amounts to showing that all cycles of longer period
must have at least one point in [− 110 , 110 ]. In a forthcoming paper we shall show that
this procedure cannot be repeated ad infinitum: there exists a λ0 > 0 so that even if m
has no zeros in [−λ0, λ0], it is not sufficient to impose finitely many extra conditions of
nonvanishing of m on cycles to ensure the orthogonality of ϕ. The proof of this stronger
result is beyond the scope of this paper, however.
2. PROOF OF THE THEOREM
In order to prove our result, we have to investigate some properties of cycles
(Lemmas 2.1–2.5).
Let
sgnx =
{
1, if x ≥ 0
−1, if x < 0.
For any x ∈ (− 12 , 12 ), let
λ(x)= 2x − sgnx
2
(∈ (− 12 , 12)).
DEFINITION 2.1. A sequence {ξ ′i }i≥1 is called a λ-sequence, if for any i ≥ 1
(i) ξ ′i ∈ (− 12 , 12 ) and ξ ′i 6= 0;
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(ii) ξ ′i = λ(ξ ′i+1).
From the definition, if {ξ ′i }i≥1 is a λ-sequence, then
ξ ′i = 2ξ ′i+1 −
ε′i+1
2
or 2ξ ′i = 4ξ ′i+1 − ε′i+1, where
ε′i = sgn ξ ′i , i ≥ 1. (4)
The following examples are λ-sequences:
EXAMPLE 2.1. {− 16 , 16 ,− 16 , 16 , . . . ,− 16 , 16 , . . .}.
EXAMPLE 2.2. { 110 , 310 ,− 110 ,− 310 , . . . , 110 , 310 ,− 110 ,− 310 , . . .}.
EXAMPLE 2.3. { 13 − 12 , 16 − 12 , 112 − 12 , . . . , 13·2i−1 − 12 , . . .}.
DEFINITION 2.2. We say the sequence {ε′i}i≥1 is a unit sequence if ε′i = 1 or −1 for
each i ≥ i; we say a unit sequence is a ±1 sequence if both 1 and −1 are in this sequence.
LEMMA 2.1. If {ξ ′i }i≥1 is a λ-sequence, then
ξ ′i =
1
2i
(
2i−2ε′i + 2i−3ε′i−1 + · · · + 2ε′3 + ε′2 + 2ξ ′1
)
, i ≥ 2. (5)
Conversely, given any ξ ′1 ∈ (− 12 , 12 ), ξ ′1 6= 0 and a unit sequence {ε′i}i≥2, the sequence {ξ ′i }
obtained from (5) is a λ-sequence.
Proof. If {ξ ′i }i≥1 is a λ-sequence, then from (4) we have
2ξ ′1 = 22ξ ′2 − ε′2 = 2(22ξ ′3 − ε′3)− ε′2 = 23ξ ′3 − 2ε′3 − ε′2
= · · · = 2iξ ′i − 2i−2ε′i − · · · − 2ε′3 − ε′2,
and (5) is held for each i ≥ 2.
Conversely, given any ξ ′1 ∈ (− 12 , 12 ), ξ ′1 6= 0 and a unit sequence {ε′i}i≥2, then
0<
∣∣2i−2ε′i + 2i−3ε′i−1 + · · · + 2ε′3 + ε′2 + 2ξ ′1∣∣< i−2∑
k=0
2k + 1= 2i−1.
Thus the sequence {ξ ′i }i≥2 obtained from (5) satisfies ξ ′i ∈ (− 12 , 12 ) and ξ ′i 6= 0. Using (5)
again, we can check that ξ ′i = λ(ξ ′i+1) for all i ≥ 1; i.e., {ξ ′i }i≥1 is a λ-sequence.
LEMMA 2.2. Assume that {ξ ′i }i≥1 is a λ-sequence and ε′i = sgn ξ ′i .
(i) If there exists k such that ε′iε′i+1 = 1 for all i ≥ k, then limi→∞ ξ ′i = 12 or
limi→∞ ξ ′i =− 12 ;
(ii) If there exists k such that ε′iε′i+1 = −1 for all i ≥ k, then limi→∞ ξ ′2i = 16 and
limi→∞ ξ ′2i−1 =− 16 or limi→∞ ξ ′2i =− 16 and limi→∞ ξ ′2i−1 = 16 ;
(iii) If there exist infinitely many i such that ε′iε′i+1 = 1 and also infinitely many i
such that ε′iε′i+1 =−1, then infi≥1|ξ ′i | ≤ 110 .
Proof. (i) If ε′i = 1 for all i ≥ k, then from (5) we have ξ ′i → 12 ; If ε′i = −1 for all
i ≥ k, from (5) we have ξ ′i →− 12 .
(ii) In this case we have ε′2i = 1 and ε′2i−1 =−1 for all i ≥ k or ε′2i =−1 and ε′2i−1 = 1
for all i ≥ k. For the former, from (5) we have
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lim
i→∞ ξ
′
2i = lim
i→∞
1
22i
[(
22i−2 − 22i−3)+ (22i−4 − 22i−5)+ · · · + (22 − 2)]
= lim
i→∞
1
22i
i−1∑
s=1
22s−1 = lim
i→∞
1
22i
· 2
2i−1 − 2
3
= 1
6
,
lim
i→∞ ξ
′
2i−1 =− lim
i→∞ ξ
′
2i =−
1
6
.
For the latter, we have ξ ′2i→− 16 and ξ ′2i−1→ 16 .
(iii) We discuss the following three cases.
Case 1. ε′iε′i+1 = ε′i+1ε′i+2 = 1 for some i .
Then we have ε′i = ε′i+1 = ε′i+2 = 1 or ε′i = ε′i+1 = ε′i+2 = −1. Therefore, by the
condition in (iii) {ε′i} has the following forms:
{ . . .︸︷︷︸
k
,−1,−1,−1,1, . . .} or { . . .︸︷︷︸
k
,1,1,1,−1, . . .}.
From (5),
|ξ ′k+4|<
1
2k+4
(
2k+2 − 2k+1 − 2k − 2k−1 +
k−2∑
s=0
2s + 1
)
= 2
k
2k+4
= 1
16
,
and infi≥1|ξ ′i |< 116 < 110 .
Case 2. There exists no i such that ε′iε′i+1 = ε′i+1ε′i+2 = 1, but ε′iε′i+1 = ε′i+1ε′i+2 =−1
for some i .
Then by the condition in (iii), {ε′i} has the following forms:
{ . . .︸︷︷︸
k
,−1,1,−1,−1,1, . . .} or { . . .︸︷︷︸
k
,1,−1,1,1,−1, . . .}.
From (5) we have
∣∣ξ ′k+5∣∣< 12k+5
(
2k+3−2k+2−2k+1+2k−2k−1+
k−2∑
s=0
2s+1
)
= 1
2k+5
(
2k+1+2k)= 3
32
,
and infi≥1|ξ ′i |< 132 < 110 .
Case 3. There exists no i such that ε′iε′i+1 = ε′i+1ε′i+2 = 1 or ε′iε′i+1 = ε′i+1ε′i+2 =−1.
Then {ε′i} has the following form:
{1,1,−1,−1,1,1,−1,−1, . . .,1,1,−1,−1, . . .} or
{−1,−1,1,1,−1,−1,1,1, . . .,−1,−1,1,1, . . .};
i.e., {ε′i}i≥1 is periodic with period {1,1,−1,−1} or {−1,−1,1,1}. For the former, from
(3.2)
lim
k→∞ ξ
′
4k+1 = lim
k→∞
1
24k+1
[
24k−1 − (24k−2 + 24k−3)+ (24k−4 + 24k−5)− · · · + (2+ 1)]
= lim
k→∞
1
24k+1
[(
24k−3 + 24k−4)+ (24k−7 + 24k−8)+ · · · + (2+ 1)]
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= lim
k→∞
3
24k+1
(
24k−4 + 24k−8 + · · · + 1)
= lim
k→∞
3
24k+1
· 2
4k − 1
15
= 1
10
.
For the latter, limk→∞ ξ ′4k+1 =− 110 . Then infi≥1|ξ ′i | ≤ 110 .
Then Lemma 2.2 has been proved.
DEFINITION 2.3. If a λ-sequence {ξ ′i }i≥1 is periodic, i.e., there exists n ≥ 2 such that
ξ ′i = ξ ′i+n for all i ≥ 1, then we call {ξ ′i }i≥1 a conjugate cycle. Denote {ξ ′i }i≥1 by {ξ ′i }1≤i≤n.
Thus, when we say {ξ ′i }1≤i≤n is a conjugate cycle, it means that {ξ ′i }i≥1 is a λ-sequence
with period n. Because, as a set, a conjugate cycle contains only finitely many numbers
and all of them are in (− 12 , 12 ), therefore from Lemmas 2.1 and 2.2 we have:
LEMMA 2.3. If {ξ ′i }1≤i≤n is a conjugate cycle, then there exists a ±1 sequence
{ε′i}1≤i≤n such that
ξ ′i =
1
2n+1 − 2
(
2n−1ε′i + 2n−2ε′i−1+ · · ·+ 2n−i ε′1+ 2n−i−1ε′n+ · · ·+ 2ε′i+2+ ε′i+1
)
. (6)
Conversely, given any±1 sequence {ε′i}1≤i≤n, the sequence {ξ ′i }1≤i≤n obtained from (6) is
a conjugate cycle. Moreover, {ξ ′i }1≤i≤n satisfies one of the following properties:
(i) {ξ ′i }1≤i≤n = {± 16 ,∓ 16 , . . . ,± 16 ,∓ 16 }.
(ii) min1≤i≤n |ξ ′i | ≤ 110 .
Now we define τ -sequences.
For any ξ ∈ [− 12 , 12 ), let
τξ = 2ξ (mod 1). (7)
DEFINITION 2.4. A sequence {ξi}i≥1 is called a τ -sequence, if for any i ≥ 1
(i) ξi ∈ [− 12 , 12 ), and ξi 6= 0;
(ii) ξi = τ (ξi+1).
The following examples are τ -sequences:
EXAMPLE 3.4. { 13 ,− 13 , 13 ,− 13 , . . . , 13 ,− 13 , . . .}.
EXAMPLE 3.5. {− 25 ,− 15 , 25 , 15 , . . . ,− 25 ,− 15 , 25 , 15 , . . .}.
EXAMPLE 3.6. { 13 , 16 , 112 , . . . , 13·2i−1 , . . .}.
One easily checks that
LEMMA 2.4. If {ξi}i≥1 is a τ -sequence, then {ξ ′i }i≥1 is a λ-sequence, where ξ ′i =
ξi − εi2 , εi = sgnξi . Conversely, if {ξ ′i }i≥1 is a λ-sequence, then {ξi}i≥1 is a τ -sequence,
where ξi = ξ ′i − ε
′
i
2 , ε
′
i = sgn ξ ′i .
Proof. Suppose {ξi}i≥1 is a τ -sequence. From the definition we have
ξi =

2ξi+1 + 1, if ξi+1 ∈ [− 12 ,− 14 )
2ξi+1, if ξi+1 ∈ [− 14 , 14 )
2ξi+1 − 1, if ξi+1 ∈ [ 14 , 12 ).
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It is easy to check that ξi = 2ξi+1+(εi−εi+1)/2 or ξi−εi/2= 2(ξi+1−εi+1/2)+εi+1/2.
Let ξ ′i = ξi − εi/2. Since εiε′i =−1, we have ξ ′i = 2ξ ′i+1 − ε′i+1/2, i.e., ξ ′i = λ(ξ ′i+1). This
implies that {ξ ′i }i≥1 is a λ-sequence.
The proof of the other part of this lemma is analogous.
DEFINITION 2.5. If a τ -sequence {ξi}i≥1 is periodic, i.e., there exists n ≥ 2 such that
ξi = ξi+n for all i ≥ 1, then {ξi}i≥1 is called a cycle. Denote {ξi}i≥1 by {ξi}1≤i≤n.
The following result is obvious.
LEMMA 2.5. {ξi}1≤i≤n is a cycle if and only if {ξ ′i }1≤i≤n is a conjugate cycle, where
ξ ′i = ξi − εi/2, ξi = ξ ′i − ε′i/2, εi = sgn ξi and ε′i = sgn ξ ′i .
Cohen obtained the following necessary and sufficient condition for orthogonality by
cycles (see [2–4]):
PROPOSITION 2.1. Assume that a trigonometric polynomial m(ξ) with period 1
satisfies (1) and ϕ is defined by (3). Then ϕ is an orthogonal function if and only if there
exists no cycle {ξi}1≤i≤n in [− 12 , 12 ] such that |m(ξi)| = 1 for all 1≤ i ≤ n.
By (1) and Lemma 2.5, Proposition 2.1 is equivalent to ϕ not being an orthogonal
function if and only if there exists a conjugate cycle {ξ ′i }1≤i≤n such that m(ξ ′i ) = 0 for
all 1≤ i ≤ n. And now Theorem 1.1 can be proved as follows.
Proof of Theorem 1.1. Assume ϕ is not an orthogonal function. According to
Proposition 2.1, there exists a cycle {ξi}1≤i≤n such that |m(ξi)| = 1 for all 1 ≤ i ≤ n,
i.e., there exists a conjugate cycle {ξ ′i }1≤i≤n such that m(ξ ′i ) = 0 for all 1 ≤ i ≤ n. But
from Lemma 2.3, min1≤i≤n |ξ ′i | ≤ 110 or {ξ ′i }1≤i≤n = {±16 }. Since m(ξ) has no zeros in
[− 110 , 110 ], m(± 16 )= 0 which contradicts to |m( 16 )| + |m(− 16 )|> 0.
Then ϕ is an orthogonal function. This is the proof of Theorem 1.1.
Remark. According to Proposition 2.1 and the proof of Theorem 1.1, we also have
the following proposition. Suppose that a trigonometric polynomial m(ξ) with period 1
satisfies (1) and has no zero in [− 110 , 110 ]. Then ϕ defined by (3) is not an orthogonal
function if and only if m(± 16 )= 0.
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